
ECEN 314: Signals and Systems - Homework 9

• Date Assigned: 7/27/2018

• Date Due: 7/31/2018

I Reading Exercise

Chapter 7 - Sections 7.1, 7.2, 7.3, 7.4.0 (7.4.1 and 7.4.2 are not required reading)

II Problems to turn in

1. 7.2 A continuous-time signal x(t) is obtained at the output of an ideal lowpass filter with cutoff

frequency ωc = 1000π. If impulse-train sampling is performed on x(t), which of the following

sampling periods would guarantee that x(t) can be recovered from its sampled version using

an appropriate lowpass filter?

(a) T = 0.5× 10−3

(b) T = 2× 10−3

(c) T = 10−4

Solution :

From the Nyquist theorem, we know that the sampling frequency in this case must be at least

2×wc = ωs = 2000π. In other words, the sampling period should be at most T = 2π/(ωs) =

1× 10(−3). Hence a & c would guarantee the recovery of the signal

2. 7.6 In the system shown in Figure 1, two functions of time, x1(t) and x2(t), are multiplied

together, and the product w(t) is sampled by a periodic impulse train. x1(t) is band limited

to ω1, and x2(t) is band limited to ω2 ; that is

X1(jω) = 0 |ω| ≥ ω1

X2(jω) = 0 |ω| ≥ ω2

Determine the maximum sampling interval T such that w(t) is recoverable from wp(t) through

the use of an ideal lowpass filter.

Solution :

Consider the signal w(t) = x1(t)x2(t). The fourier transform W (jω of w(t) is given by

W (jω) =
1

2π
[X1(jω) ∗X2(jω)]

Since X1(jω) = 0 for |omega| ≥ ω1 and X2(jω) = 0 for |ω| ≥ ω2, we may conclude that

W (jω) = 0 for |ω| ≥ ω1 + ω2. Consequently, the Nyquist rate for w(t) is ωs = 2(ω1 + ω2).

Therefore, the maximum sampling period which would still allow w(t) to be recovered is

T = 2π/(ωs) = π/(ω1 + ω2)
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Figure 1: Question 7.6

3. 7.21 A signal x(t) with Fourier transform X(jw) undergoes impulse-train sampling to generate

xp(t) =
∞∑

n=−∞
x(nT )δ(t− nT )

where T = 10−4.For each of the following sets of constraints on x(t) and/or X(jω), does the

sampling theorem (see Section 7.1.1) guarantee that x(t) can be recovered exactly from xp(t)?

(a) X(jω) = 0for|ω| > 5000π

(b) X(jω) = 0for|ω| > 15000π

(c) (Re{X(jω)} = 0 for |ω| > 5000π

(d) x(t) real and X(jω) = 0 for ω > 5000π

(e) x(t) real and X(jω) = 0 for ω < −15000π

(f) X(jω) ∗X(jω) = 0 for |ω| > 15000π

(g) |X(jω)| = 0 for ω > 5000π

•

Solution :

a

The Nyquist rate for the given signal is 2 × 5000π = 10000π. Therefore, in order to be able

to recover x(t) from xp(t), the sampling period must at most be Tmax = 2π
10000π = 2 × 10−4

sec. Since the sampling period used is T = 10−4 < Tmax, x(t) can be recovered from xp(t).
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b

The Nyquist rate for the given signal is 2× 15000π = 30000π. Therefore, in order to be able

to recover x(t) from xp(t), the sampling period must at most be Tmax = 2π
30000π = 0.66× 10−4

sec. Since the sampling period used is T = 10−4 > Tmax, x(t) cannot be recovered from xp(t).

c

Here, Im{X(jω)} is not specified. Therefore, the nyquist rate for the signal x(t) is inde-

terminate. This implies that one cannot guarrantee that x(t) would be recoverable from

xp(t).

d

Since x(t) is real we know from the property of fourier transform thatX(jw) = X(−jw).Hence

|X(jw)| = |X(−jw)|. we may thus conclude that X(jω) = 0 for |ω| > 5000 since the

magnitude of the transform is the same at ω and −ω. Therefore, the answer to this part is

identical to that of part (a).

e

Proceeding the same way as in the previous part of the question, Since x(t) is real, X(jω) = 0

for |ω| > 15000π since the magnitude at −ω and +ω for the Fourier transform are the same

since the signal is real . Therefore, the answer to this part is identical to that of part (b).

f

If X(jω) = 0 for |ω| > ω1, then X(jω) ∗ X(jω) = 0 for |ω| > 2ω1. Therefore, in this

part, X(jω) = 0 for |ω| > 7500π. The Nyquist rate for this signal is 2 × 7500π = 15000π.

Therefore, in order to be able to recover x(t) for xp(t), the sampling period must at most be

Tmax = 2π
15000π = 1.33 × 10−4 sec. Since the sampling period used is T = 10−4 < Tmax, x(t)

can be recovered from xp(t).

g

If |X(jω)| = 0 for ω > 5000π, then X(jω) = 0 for ω > 5000π. Therefore, the answer to this

part is indentical to the answer in part (a).

4. 7.23 Shown in Figures 2,3 is a system in which the sampling signal is an impulse train with

alternating sign. The Fourier transform of the input signal is as indicated in the figure.

(a) For δ < π/(2ωm), sketch the Fourier transform of Xp(t) and y(t)
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(b) For δ < π/(2ωm), determine a system that will recover x(t) from xp(t).

(c) For δ < π/(2ωm), determine a system that will recover x(t) from y(t).

(d) What is the maximum value of δ in relation to ωm for which x(t) can be recovered from

either xp(t) or y(t) ?

Figure 2: Question 7.23

Figure 3: Question 7.23

Solution :
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a

We may express p(t) as

p(t) = p1(t)− p1(t−∆)

where p1(t) =
∑∞

k=−∞ δ(t− k2∆). Now,

P1(jω) =
π

∆

∞∑
k=−∞

δ(ω − π/∆)

Therefore,

P (jω) = P1(jω)− e−jω∆P1(jω)

The figures 4 and 5 show the signals P (jω),Xp(jω) and Y (jω)

Figure 4: Question 7.23

Figure 5: Question 7.23

b

The system can be used to recover x(t) from xp(t) is as shown in figure 6
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It is based on the following idea. F(cos(ω0t)) = π(δ(ω−ω0)+δ(ω+ω0)). Hence multiplication

with cos((π/∆)t) will result in convolution with π(δ(ω − (π/∆)) + δ(ω + (π/∆))). Hence a

scaled version of the lobe in the fourier transform of x(t) ie:X(jω) will get produced between

−(π/∆) and +(π/∆). Hence upon passing through a low pass filter, we are able to isolate

the lobe which would be X(jω).

c

The system can be used to recover x(t) from x(t) is as shown in figure 6. The same explanation

as for part (b) holds.

d

We see from the figures sketched in part (a) that aliasing is avoided when ωM ≤ π/∆.

Therefore, ∆max = π/ωM

Figure 6: Question 7.23

5. 7.24 Shown in 7 is a system in which the input signal is multiplied by a periodic square wave.

The period of s(t) is T. The input signal is band limited with |X(jω)| = 0 for |w| ≥ ωm.

(a) For δ = T/3, determine, in terms of ωm, the maximum value ofT for which there is no

aliasing among the replicas of X(jω) in W (jω).

(b) For δ = T/3, determine, in terms of ωm, the maximum value ofT for which there is no

aliasing among the replicas of X(jω) in W (jω).

Solution :

We may express s(t) as s(t) = ŝ(t)− 1 where ŝ(t) is as shown in figure 8

We may easily show that

Ŝ(jω) =

∞∑
k=−∞

4 sin(2πk∆/T )

4
δ(ω − k2π/T )
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Figure 7: Question 7.24

From this, we obtain

S(jω) = Ŝ(jω)− 2πδ(ω) =
∞∑

k=−∞

4 sin(2πk∆/T )

4
δ(ω − k2π/T )− 2πδ(ω)

Clearly, S(jω) consists of impulse spaced every 2π/T

a

If ∆ = T/3 then

S(jω) =

∞∑
k=−∞

4 sin(2πk/3)

4
δ(ω − k2π/T )− 2πδ(ω)

Now since, w(t) = s(t)x(t),

W (jω) =
1

2π

∞∑
k=−∞

4 sin(2πk/3)

4
X(j(ω − k2π/T )− 2πX(jω)

Therefore, W (jω) cnosists of replicas of X(jω) which are space 2π/T apart. In order to avoid

aliasing, ωM should be less than π/T . Therefore, Tmax = π/ωM

b

If ∆ = T/3 then
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Figure 8: Question 7.24

S(jω) =
∞∑

k=−∞

4 sin(2πk/3)

4
δ(ω − k2π/T )− 2πδ(ω)

We note that S(jω) = 0 for k = 0,±2,±4,. . . . This is as sketched in Figure.

Therefore, the replicas of X(jω) in W (jω) are now spaced 4π/T apart. In order to avoid

aliasing, ωM should be less than 2π/T . Therefore, Tmax = 2π/ωM

6. A signal x(t) is known to be bandlimited to [−100, 100] Hz. It is sampled using impulse

sampling at the rate of 200 samples/s to obtain samples x[n] = x(nT ), where T = 1
200 . Let

x[n] be given by

x[n] =


2, n = −1

1, n = 0;

2, n = 1

0, otherwise.

What is x
(

0.5
200

)
?

Solution :

X(ejΩ) =
∑
n

x[n]e−jΩn = 1 + 4 cos Ω

Since x(t) is bandlimited within [−100, 100] Hz, then correspondingly ω ∈ [−200π, 200π].

Also given T = 1
200 , the corresponding limited band for x[n] is [−π, π]. Therefore, there is no
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aliasing, and we can restore the original signal x(t) completely by DAC, and a LPF with cutoff

frequency at 200π. Assume this LPF has frequency response H(jω), then

H(jω) =

{
T |ω| < 200π

0 |ω| > 200π

And

X(jω) = X(ejΩ)
∣∣
Ω=ωT

H(jω)

⇒ x(t) = [δ(t) + 2δ(t− 1

200
) + 2δ(t+

1

200
)] ∗ 1

200

sin(200πt)

πt

=
sin(200πt)

200πt
+
−2 sin(200πt)

200πt− π
+
−2 sin(200πt)

200πt+ π

Therefore x( 0.5
200) = 14

3π .
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